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Abstract 

A new description, different by the classical theory of Hamiltonian Mechanics, in 
the general framework of generalized Lie algebroids is presented. In the particular 
case of Lie algebroids, new and important results are obtained. We present the dual 
mechanical systems called by use, dual mechanical {p^rf)- systems, Hamilton mecha- 
nical {p,r]) -systems or Cartan mechanical {p, 7]) -systems. We obtain the canonical 
(p, r/)-semi(spray) associated to a dual mechanical (p, ?7)-system. The Hamilton 
mechanical (p, ?7)-systems are the spaces necessary to develop a Hamiltonian for- 
malism. We obtain the (p, ?7)-semispray associated to a regular Hamiltonian H and 
external force Ff, and we derive the equations of Hamilton- Jacobi type. 
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1 Introduction 



The concept of Hamilton space, introduced in [15], was intensively studied in [6, 7, 8, 11, 14] , 
and it has been successful, as a geometric theory of the Hamiltonian function. In the 
classical sense, a regular Hamiltonian on T*M is a smooth function T*M — > R 
such that the Hessian matrix with entries 

9 KX,p) — 2 Qp.Qp. 

is everywhere nondegenerate on T*M (or on a domain of T*M) and a Hamilton space is 
a pair = (M, H) , where H is a regular Hamiltonian. (see [16]) The case when H is 
square of a function on T*M, positively, 1-homogeneous with respect to the momentum 
Pi, provides an important class of Hamilton spaces called Cartan spaces. The modern 
formulation of the geometry of Cartan spaces was given by R. Miron [12, 13] although 
some results where obtained by E. Cartan [5] and A. Kawaguchi [9] . 

The geometry of T*M is from one point of view different from that of TM, because 
not exists a natural tangent structure and a semispray can not be introduced as usual 
for the tangent bundle. Two geometrical ingredients are of great importance on T*M: 
the canonical 1-form pidx^ and its exterior derivative dpi A dx^ (the canonical symplectic 
structure of T*M). They are systematicaly used to defined new useful tools in the 
classical theory. 

A Hamiltonian description of Mechanics on duals of Lie algebroids was presented in 
[10] . (see also [17, 18, 19, 20, 21] ) The role of cotangent bundle of the configuration man- 
ifold was played by the prolongation E of E along the projection E* M. 
The Lie algebroid version of the classical results concerning the universality of the stan- 
dard Liouville 1-form on cotangent bundles is presented in Theorem 3.4 and Corollary 
3.6. Given a Hamiltonian function E* R and the symplectic form Q^e on E* , 

the dynamics are obtained solving the equation 

with the usual notations. The solutions oi^^ (curves in E*) are the ones of the Hamilton 
equations for H. 

The purpose of the present paper is to find the answer to the following question: 

• Could we to give a Hamiltonian description of Mechanics on duals of generalized 
Lie algebroids (see [1,2,3]) similar with the Lagrangian description of Mechanics 
on generalized Lie algebroids presented in the paper [4] without the symplectic 
form? 

In Sections 3, 4, 5 and 6 we set up the basic notions and terminology. In Section 
7 we present for the first time the dual mechanical system,s called by use, dual mecha- 
nical {p, 7]) -systems, Hamilton mechanical {p,r])- systems or Cartan mechanical {p,r])- 
systems. 

In Section 8 we obtain the canonical {p,r]) -semispray associated to the dual mecha- 



nical {p,ri)-system y^yE,ir,M j , Eg, {p,rj)T j and from locally invertible 'E^-morphism 
(g.h). Also, we present the canonical {p,rj) -spray associated to mechanical system 
I i E,7r, M \ , Eg, (p, 77) r I and from locally invertible W-morphism {g, h). 
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The Section 9 is dedicated to study the geometry of Hamilton mechanical (p, rj)- 

systems. These mechanical systems are the spaces necessary to obtain a Hamiltonian 

formalism in the general framewok of generalized Lie algebroids. We determine and we 

* 

study the {p, ?7)-semispray associated to a regular Hamiltonian H and external force Fg 
which are applied on the dual of the total space of a generalized Lie algebroid and we 
derive the equations of Hamilton-Jacobi type. 

Finally, we obtain that the integral curves of the canonical (p, r/)-semispray associ- 
ated to Hamilton mechanical (p, ?;)-system ^ ^E, tt, , Fe, {p, ij) and from locally 

invertible B^-morphism (g, h) are the {g, /i)-lifts solutions for the equations of Hamilton- 
Jacobi type (9.10). 

Our researches are very important because, \ih = IdM = rj, then all results presented 
in this paper become new results in the framework of Lie algebroids. 



2 Preliminaries 

Let Vect, Liealg, Mod, Man and B"^ be the category of real vector spaces. Lie alge- 
bras, modules, manifolds and vector bundles respectively. 

Wc know that if (i?, vr, M) G |B'^| so that M is paracompact and if yl C Af is closed, 
then for any section u over A it exists « € F {E, tt, M) so that u\a = Iii the following, 
we consider only vector bundles with paracompact base. 

Aditionally, if {E, vr, M) G |B^| , F {E, vr, M) = {u e Man (M, E) ■.uott = Mm} 
and F{M) = Man(M,]R), then {T {E,tt, M) , +, ■) is a J" (M)-modulc. If (ip,(po) G 
B'^ {{E, TT, M) , {E', tt', M')) such that (pg G /soMan {M, M') , then, using the operation 

F{M)xV{E'y,M') T{E',7r',M') 
{f,u') ^ fop^'-u' 

it results that (F {E', tt', M') ,+,-)isaT (M)-module and we obtain the Mod-morphism 

r{E,TT,M) ^^"''"'"^ ) T{E',7t',M') 

defined by 

T {ip,<Pq) u (y) = if (u^-i^y-^^ , 

for any y G M'. 

Let M,N e [Man| , h G /soMan (M, N) and rj G /soMan {N, M). 
We know (see [2,3]) that if {F,iy,N) G |B^| so that there exists 

{p,ri) eB- i{F,u,N) ,iTM,TM,M)) 

and an operation 

F (F, i^,N)xT (F, i^,N) F (F, i^, N) 

iu,v) ^ [u,v]p^f^ 

with the following properties: 
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GLAi. the equality holds good 

f ■ v]F,h = f ^]F,h + r (T/i o p, /i o 77) (n) / • V, 

for all u,v (eT (F, N) and / G 7" (N) . 

GLA2. the 4-tuple (t {F, v, N) , +, •, [, is a Lie J" (iV)-algebra, 
GLA3. the Mod-morphism F (T/i o p,horj) is a LieAlg-morphism of 

(r(F,z.,Ar),+,.,[,]^_^) 

source and 

(r (TAT, r^,iV), +,-,[,] 
target, then the triple ^(F, A^) , [,]pi^ , (p, ??)^ is called generalized Lie algebroid. 

In particular, li h = Mm = ??, then we obtain the definition of the Lie algebroid. 
We can discuss about the category GL A of generalized Lie algebroids. (see [3] ) 
Examples of objects of this category are presented in the paper [2] . 

Let ((F,z/,Ar),[,]p,^,(p,r/)) be an object of the category GLA. 

• Locally, for any a,/3 € l,p, we set [ta,tfs]pf^ = Lj^^t^. We easily obtain that 
Lip = -L^a^ for any a, ^, 7 G Xp. 

The real local functions L^^, o:,l3,'y G l,p will be called the structure functions of 
the generalized Lie algebroid (^{F, u, N) ,[,]pfi, {p, r])j . 

• We assume the following diagrams: 

F — ^ TM — TN 

N — ^ M — ^ N 

where i,t E l,m and a E l,p. 
If 

and 
then 



and 



{x"{x'),z'" (x\^")), 

{x'{x^),y'{x\y')) 

^{x"{x'),z"{x\z')), 

~a' A a'~Q 

^ — J-^a^ ' 

z - 
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We assume that {0, /x) ^= {Th o p, /t o 77). If z°^ta G F {F, u, N) is arbitrary, then 



(2.1) 



r{Thop,hon) iz^ta)fihon{x)) 



= ( ^ ) (/i o r? (x)) = ( (pj, o /i) (z- o /i) ) (r? (x)) , 



dfoh 



for any / G (A^) and x e N. 
The coefficients p^ respectively 0^ change to p^- respectively 0^- according to the 



rule: 




(2.2) 




respectively 




(2.3) 


- dx' 


where 


, -1 



lA^-ll 



(2.4) 
and 
(2.5) 



Remark 2.1 The following equalities hold good: 



9 ( p^ o /i 



d [pi o h) 



Let (E,7r,M) € |B^| and [E,n,M\ its dual. We have the B'^'-morphism 



(2.6) 



TT {h*F) 
M 



hOTT 



F 

N 



Let ( p jldEj be the B"^-morphism of I tt {h*F),Tr {h*i'),E\ source and 



TE, T * ,E ] target, where 



(2.7) 



^ (/i*F) 



TT (/i*F) 

Using the operation 



r TT (^*F),7r {h*u),E 



(h*F) 



r TT (^*F),7r (/iV),£; 
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defined by 

t-^^"' ^^Jr = ~ t^/'' -^^"U* ' 

for any f e ( E] , it results that 



is a Lie algebroid. 

3 Natural and adapted basis 

In the following we consider the following diagram: 



(3.1) 



M 



where {E,Tr,M) G IB'^I and ^(F, i^, iV) , [, ]^^, {Ptf])^ is a generalized Lie algebroid. 
Let (p, ry) r be a (p, r7)-connection for the vector bundle ^E', tt, . 

We take {x^tPa) as canonical local coordinates on ^£^,7r, , where i G l,m and 
a G l,r. Let 

{x\pa) [x'{x') ,Pa' {x\pa)^ 



be a change of coordinates on yE, tt, M j . Then the coordinates Pa change to Pa' by 
the rule: 

(3.2) pa> = M^,pa. 

Let 

be the natural base of the dual tangent Lie algebroid ( ( TE, t*,e \ ,[,] * , (id * ,Id*\ 

\ \ E J TE \ TE EJ 

For any sections 

Z"r« G r ( TT* (h*F) , n* {h*F) , E 



and 



we obtain the section 



Yad er iVTE,T*^,E 



z4a + Yad =: [t^ © (pL o /i o ^) d)j + Ya (o**^^.^^ © 8^ 



= Z'^Ta ® ( Z" (pl, o h o tt) di + Yad er vr {h*F) (BTEj,E ] . 



e 



Since we have 



Z'^da + Yad =0 

Z°T« = A Z° (p> o ^) 5i + Yad" = 0, 



it imphes = 0, a G l,p and = 0, a G 1, r. 

* * . 1 -r 



Therefore, the sections di, ...,dp,d , are Unearly independent. 

{p,r])TE, {p,ri) T ^, E j of the vector bundle 

TT {h*F) © r£^, ® , ) , for which the T ( E] -module of sections is the T ( E] -submodule 



of ^TT {h*F) © TE, TT, E j ,+,•), generated by the set of sections ( da, d ) which 

is called the natural {p,r])-base. 

The matrix of coordinate transformation on ^(p, rj) TE, {p, ri)T*^,E] at a change of 
fibred charts is 



(3.4) 



A°' O /t O TT 



dM^' O TT 



dxi 



We have the following 



Theorem 3.1 Let ( p, Id*^j be the W-morphism of y {p, Vj) TE, {p, Vj) t*^, E ) source 
and ( TE, t*^,E] target, where 



(3.5) 



{p,ri)TE-4 TE 

(^Z'^da + Yad j (u^) ^ (z''(^pioho^ydi+Yad'^ 

Using the operation 



T[{p,r,)TE,{p,n)r^,E] '""^"^ > T { {p,r,)TE, {p,r,) r E 
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defined by 



(3.6) 



ryCXrp ^/^T^ 



TT {h*F) 



{p,v)TE 



J TE 



for any Z'^da + ^ ^'^'^ Z^d^ + ^ > '"^e obtain that the couple 



[,] * , [ p,Id* 



is a Lie algebroid structure for the vector bundle y{p, rj) TE, (p, r;) t*^, E 
The Lie algebroid 



is called the Lie algebroid generalized tangent bundle of dual vector bundle ( E,Tr,M 
Remark 3.1 The following equalities hold good: 



(3.7) 



* * 

da,di3 
■* -b' 

da,d 

' . a .6" 

B .3 



{P,V)TE 



{P,V)TE 



{p,ri)TE 







(P,V)TE 







{P,V)TE 



We consider the B'*^-morphism {^p,r})'K\,Id^ given by the commutative diagram 



4c (p,??)7r! ^* 

{p,r])TE ^TT {h*F) 



(3.8) 



{p,r))Tt 



id* 

E 



pn 



E' 



■^E 



Using the components, this is defined as: 
(3.9) {p, ri) ^! Iz4a + yJ J (u^) = (z°Te,) (u^) , 



for any Z'^da + Yad G ( (p, r?) TE, {p,v)r^,E 
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Using the B'^-morphism (j^p,ri)n\,Id^ and the B"*'-morphism (2.7) we obtain 

the tangent {p^rf)- application ^(p, 77) Ttt, /i o tt^ of ^{p,ri)TE,{p,r])T*^,E^ source and 
{F, u, N) target. 

Using the B^-morphisms (2.6) and (3.7) we obtain the tangent {p,rj)- application 
(^{p, Tj) Ttt, hoTT^ of ^(/9, 77) TE, {p, Tj) T*^, source and {F, u, N) target. 
Definition 3.1 The kernel of the tangent (p, ?7)-apphcation is written 



V{p,r,)TE,{p,r,)T.^,E 



and is called the vertical subbundle. 



We remark that the set {d , a G 1, r > is a base of the ( E ) -module 



r(V{p,r])TE,{p,r])T*^,E],+, 



Proposition 3.1 The short sequence of vector bundles 

0^ ^V{p,ri)TE^ ^{p,ri)TE ^tt {h*F) ^0 



(3.10) 



is exact. 



Id* 

E 



Id* 

E 



Id, 



Id* 



E' 



E' 



■^E 



-^E 



Let {p, 77) r be a (p, 77)-connection for the vector bundle I tt, M ) , i. e. a Man- 



morphism of (p, r/) TE source and V (p, r/) TE target defined by 
(3.11) 



(p, r?) r Z^da + Y,d (11,) = (n - (P, r?) Tfe^Z") d (n,) , 



such that the B"*'-morphism ^(p, 77) T, Id^ is a split to the left in the previous exact 
sequence. Its components satisfy the law of transformation 

(3.12) (p, 77) r,^- = M^^ [- (^pi^oho 7^) ^^Pa'+ (p, v) r J (a:;;-o Hon). 



The kernel of the B"*'-morphism ^(p, 77) F, is written yH (p, 7/) TE, (p, 77) t*^, E 

and is called the horizontal vector subbundle. 

Wc remark that the horizontal and the vertical vector subbundles are interior dif- 
ferential systems of the Lie algebroid generalized tangent bundle 



(p,77)r£;,(p,77)r.,Ej,[,]^^^^^^.,^p,/d^ 
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We put the problem of finding a base for the T ) -module 



of the type 



Sa = ZSidfi + Yaad , a G 1, 1 



which satisfies the following conditions: 

r((p,r?)r,/d^) U 



(3.13) 



— T 
= 0. 



Then we obtain the sections 



(3.14) 6a = da + {p,v)nad = © (p> /l o 5^ - (p, ??) Tfe^S 

such that their law of change is a tensorial law under a change of vector fiber charts. 
The base (5q;C? will be called the adapted {p,rj)-base. 
Remark 3.2 The following equality holds good 

(3.15) r {p, Id^j (^6^^ = (pi oho^rYdi- (p, r?) nJ^. 

Moreover, if {p,r])T is the (p, ?7)-connection associated to a connection T (see [1]), 
then we obtain 



r (^p, Id^ (^c^ = (^p^ohon^ *Si, 



(3.16) 



where ^6i, d°- j is the adapted base for the J' j -module yTE, t*^, E ] ,+, 
Theorem 3.2 The following equality holds good 



(3.17) 
where 

(3.18) 



{P,V)TE 



* ■ o 



(p, 77, h)Rb afs = r ( p, Id*^ ] {^(s) Hp, V) Tba) 



O 7t) (p, 7]) 



Moreover, we have 
(3.19) 



* ■ a 
6a, d 



{P,V)TE 



-r(p,/d^) [d \{{p,v)na)d , 
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and 

(3.20) rip, Id 



E 



{P,V)TE 



r ( p, Id*^ j ( (5a j , r ( p, Id*^ I I 6f 



TE 



Let {dz'^,dpa) be the natural dual (p, ?7)-base of natural (p, ?7)-base ^5q;,9 
This is determined by the equations 



dz'^^dp) = 5^, ( ) = 0, 



dpa, dnj = 0, {^pa, d j = 5\. 
We consider the problem of finding a base for the -module 

of the type 

Spa = Oaadz'^ + uj^dph, a G 1, r 
which satisfies the following conditions: 

(3.21) (spa, a \ = 5^ A (dpa, dc) = 0, 



We obtain the sections 
(3.22) 6pa = - (p, f]) '^aadz"' + dpa, a G 1, r. 

such that their changing rule is tcnsorial under a change of vector fiber charts. The 
base {dz"^,6pa) will be called the adapted dual {p,r])-base. 

4 The lift of a differentiable curve 

We consider the following diagram: 



(4.1) 



M- 



where {E,Tr,M) G |B^| and (^{F,u, N) ,[,]p,f^ , {p,ri)^ e |GLA| . 

We admit that (p, 77) T is a (p, 77)-connection for the vector bundle ( tt, M ) and 
I A M is a differentiable curve. We know that 



E 



I Im(r;o/toc) 1 ^1 Im(»7o/ioc) , Im (?? O /l O c) 
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is a vector subbundle of the vector bundle { E,-!t, M ] . 
Definition 4.1 If 



^^2) \lra{ijohoc) 



Pa (t) s« (riohocit)) 



is a differentiable curve such that there exists g G Man [ E,F ] such that the following 
conditions are satisfied: 



1. {g, /i) G \^E, TT, MJ , (F, u, N) j and 

2. p o g o c{t) = — ^ () {^[j^ofio {t^^ ^ for any t E I, then we will say 
that c is i/te (5, h)-lift of the differentiable curve c. 

Remark 4-1 The condition 2 is equivalent with the following affirmation: 

(4.3) Piivohoc it)) g-- (h o c (t)) Pa (t) = '^fa-y , i ei;^. 

Definition 4.2 If 7 ^ > -^|im(?7o/ioc) ^ differentiable {g, /i)-lift of the differen- 
tiable curve c, then the section 

(4.4) Im(77o/loc) ^ Im(r,o/ioc) 

r] o ho c{t) I — >■ c (t) 

will be called the canonical section associated to the couple (c, c) . 

Definition 4.3 If {g, h) G B'*' tt, , (F, z/, N)^ has the components 

^aa. a El^r, a G l,p 

such that for any vector local (n + j9)-chart (V,iy) of {F,i^,N) there exists the real 
functions 

V — R ; a G T/r, a G TTp 

such that 

(4.4) gaai^).g-'iK) = 5l Mx^V, 

then we will say that the 'B^ -m^orphism {g,h) is locally invertible. 

Remark 4. 2 In particular, if {IdTM,IdM,IdM) = iPjV^h) and the B"^ morphism 
{g,IdM) is locally invertible, then we have the differentiable (g", /dM)-lift 

/ TM 

(^•6) do' (t) ■ 

t ^ ~g.,(c{t))^dx^{cit)) 
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Definition 4.4 If / ^ > E\ im{77o/ioc) ^ differentiable [g, h)-\ift for the curve 
c such that its components functions (p^, 6 G l,r) are solutions for the differentiable 
system of equations: 

(4-7) ^ + {p,ri)rhaOu{c,c)o{nohoc)-g^''ohoc-Ua = 0, 

then we will say that the {g,h)-lift c is parallel with respect to the {p,r])- connection 
{p,ri)V. 

( dd \ 

Remark 4-3 [gjioc- j G l,m j are solutions for the differentiable system of 

equations 

(4.8) d^+rjkou{c,c)oc-g''f'oc-uh = 0, 



d f , ^ dd (t) 
'gjiOc{t) 



namely 



(4 8Y ^ ^ 

^ f f dcUt)\ , ,A dc^m ^ 

+^3k [c (t) , [gji o c (i) • -^j ■ dx' (c {t))j ■ = 0, 

5 Remarkable Mod-endomorphisms 

Now, let us consider the following diagram: 



M 

where {E,Tr,M) G IB"^! and ^(F, i/, A'") , [, ^, {p,il)^ is a generalized Lie algebroid. 

Let (p, ry) r be a (p, r7)-connection for the vector bundle ( E, tt, M 
Definition 5.1 For any Mod-endomorphism e of 

r(ip,r])TE,ip,r])T^,E^ ,+, 

we define the application of Nijenhuis type 

2 Ne 



r (^(p, ri) TE, (p, ri) TyEj V (^(p, r?) T^;, (p, r?) r^, E 

defined by 

N,{X,Y) = [eX,eY] . +e^[X,Y] , - e[eX,Y] . -e[X,eY] , 

(P,V)TE {p,ri)TE {p,v)TE (p,n)TE 

for any X,Y ev({p, r?) TE, (p, v)r^,EY 
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5.1 Projectors 

Definition 5.1.1 Any Mod-endomorphism e of T ^{p,ri)TE,{p,ri)T*^,E ) with the 
property 

(5.1.1) 6^=6 

will be called projector. 

Example 5.1.1 The Mod-endomorphism 

T({p,r^)TE,{p,r^)T^,E^ ^ T (^{p,r])TE,{p,rj)T^,E 

* -a .a 
Z'^l^ + Yad ^ Yad 

is a projector which will be called the the vertical projector. 

* /; \ * / 'J^ 
Remark 5.1.1 We have V I ) =0 and V yd \ = d . Therefore, it follows 

v(4) =-{p,ii)T^~d . 
In addition, we obtain the equality 

(5.1.2) T{{p,ri)T,IdE)\Z''da + Yad \ =V [ Z^Bo, + Yad , 



for any Z'^d^ + Yad G T (^(p, r?) TE, (p, r?) r^^, Ej . 

Theorem 5.1.1 A {p,ri)- connection for the vector bundle [ E,'k,M \ is character- 



ized by the existence of a Mod-endomorphism V of ^(p, rj) TE, (p, rj) Ty £'),+,• 
with the properties: 

V (v f (p, r/) TE, (p, n)T.,E] \ ct((v (p, r?) tI;, (p, n)T*,E 



(5.1.3) 



V(X)=X ^ XGr{ {y(p,r?)r£;,(p,ry)r^,S 



Example 5.1.2 The Mod-endomorphism 

r(^(p,ry)Ti;,(p,77)T|^,l;) ^ r (^(p,ry)r^,(p,ry)r^,^ 

Z'^l^ + Yad ^ Z''~6a 
is a projector which will be called the horizontal projector. 

Remark 5.1.2 We have ^ ( ^q. j =5a, and ^ ( 5 | =0. Therefore, we obtain H [ do, 
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Theorem 5.1.2 A {p^rf)- connection for the vector bundle ( tt, M J is character- 
ized by the existence of a M.od- endomorphism Ti of 



r({p,ri)TE,{p,ri)T,^,E] ,+, 



with the properties 
(5.1.4) 



r { {p, 77) TE, (p, ri) Ejcr\^H (p, 77) TE, {p, v)t.^,E 
'H{X) = X^X eT(H{p,n)TE, {p,n)TyE\ . 



Corollary 5.1.1 A (p,r]) -connection for the vector bundle [E,Tr,M ^ is character- 
ized by the existence of a Mod- endomorphism % of 



with the properties 
(5.1.5) 

Remark 5.1.3 For any 



r( (p,r?)rE,(p,r?)r^,S) ,+, 



n = n 

Ker['H] = [T [V {p,ri)TE,{p,n)TyE] 



XeT[{p,n)TE, {p,ri)TyE 



we obtain the following unique decomposition 

* * 
X= HX + VX. 

Proposition 5.1.1 After some calculations we obtain 



(5.1.6) 



N^{X,Y) = V 



-HX, HY 



J {p,v)TE 



^ =N,(X,Y), 



H 



for any X,YeT ^{p, r?) TE, {p, r,) r^, Ej . 

Corollary 5.1.2 The horizontal interior differential system 



Hip,ij)TE,ip,r])T*,E 



is involutive if and only if N* = or N* = 0. 
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5.2 The almost product structure 
Definition 5.2.1 Any Mod-endomorphism e of 

r(^{p,rj)TE,{p,rj)T^,E) 

with the property 

(5.2.1) = Id 

will be called the almost product structure. 
Example 5.2.1 The Mod-endomorphism 

T(^{p,ri)TE,{p,ri)T.^,E^ ^ F (^{p,ri)TE,{p,ri)T^,E 

* .a .a 

Z^5a + Yad ^ Z'^Sa - Y^d 

is an almost product structure. 

Remark 5.2.1 The previous almost product structure has the properties: 

* * 

v = 2n- Id- 

(5.2.2) V = Id-2V; 

* * * 

r = n-v. 

Remark 5.2.2 We obtain that V ISaj = Sa and V id = -d . Therefore, it 
follows ^ X * .6 

V [da] =Sa- pTbad . 



Theorem 5.2.1 A {p,r])- connection for the vector bundle [ E,Tr,M ] is character- 

* 

ized by the existence of a Mod-endomorphism V of 

r(^{p,ri)TE, {p,ri)T,^,E] ,+, 
with the following property: 

(5.2.3) V{X) = -X er (v {p, r,) TE, ip,rj) r E ] . 

Proposition 5.2.1 After some calculations, we obtain 

{X, Y) = 4v nx, iiY , 

for any X,Y eT (^{p, rj) TE, {p, r])T,^, E?j . 

Corollary 5.2.1 The horizontal interior differential system {p, rf) TE, {p, rf) t ^, E 
is involutive if and only if N*^ = 0. 
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5.3 The almost tangent structure 

(* * \ 

T{{p,ri)TE,{p,r])T*^,Ej with the 

property 

(5.3.1) e2 = 

will be called the almost tangent structure. 

Example 5.3.1 If {E,Tr,M) = {F,i^,N), g G Man (^E,E^ such that {g,h) is a 
locally invertible B"^-morphism, then the Mod-endomorphism 

T(^ip,n)TE,ip,n)T^,E?j ^ r(^ip,n)TE,{p,n)T^,E^ 

Z^da + Ybd ^ (gba oho^^ Z»9 

is an almost tangent structure which will be called the almost tangent structure associ- 
ated to the 'B^ -morphism, {g,h). (See: Definition 4-3) 
Remark 5.3.1 We obtain that 

and ^ 
and we have the following properties: 



(5.3.2) 







* * 


* 

= -'^i9,h) 


* * 

J (g,K) o 'H 


* 


* * 

{g,h) 


= 0; 


* * 


= 0; 


* * 


* 


iV. 


= 0. 


•7 (g.h) 





6 Tensor c?-fields. Distinguished linear (p, 77)-connections 

We consider the following diagram: 

h {F,[,]^f^,{p,r,)) 



M ■ 
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where {E, tt, M) G |B^| and ((F, u, N) , [, j^,^ , {p, r/)) is a generalized Lie algebroid. 

Let (p, ry) r be a (p, ?7)-connection for the vector bundle ^E, tt, . 
Let 

^Ti:(ip,ri)TE, {p,ri)T,^,E 



E 

be the i E \ -module of tensor fields by (q,'s)-type from the generalized tangent bundle 



H (p, n)TE®V (p, v) TE, (p, ry) T^,Ey 

An arbitrarily tensor field T is written by the form: 

* ^ . bi . bs 

T = ^JiV.'.?,C'.C^"i ^ - ® ^"P - ® ^^'^^ ® ^ ® ... a Spa, ® ... ® 5pa.. 

Let 

\({p,t,)TE,{p,t,)t.^,e\ ,+,-,( 



be the tensor fields algebra of generalized tangent bundle ^(p, 77) Ti?, (p, ry) r^^, -Ej . 

If TiGT^:// (^(p, 17) rl;, (p, r?) r^, and TsGT/.^^ (^(p, 17) TE, (p, 17) r^, , then 

the components of product tensor field Ti r2 are the products of local components of 
Ti and T2. 

Therefore, we obtain Ti ® T2 G T^,'^,l%Z? ((P' ^) (P' ^) ^|;' ^) • 
(/9, 77) r£^, (p, 77) r £^ j be the family of tensor fields 



TeT(ip,rj)TE,ip,r^)T*^,E 



for which there exists 



TieT^,o' (ip,ri)TE,{p,ri)T.^,l?j 
T2eT^:: (^{p,v)TE,{p,v)r*^,*E^ 
The J" ^E'^ -module ^PT ^(p, ??) TE, (p, 77) r^^, E^ , -|-, will be called the module 



and 



such that T = Ti -|- T2 . 



of distinguished tensor fields or the module of tensor d-fields. 
Remark 5. 1 The elements of 



respectively 



r( (p,r7)TE;, {p,v)r^,E 



mp,^)TEr,{{p,n)T.^r,E) 
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are tensor d-fields. 

Definition 6.1 Let (p, 77) T be a (p, ?7)-connection for the vector bundle ^E, tt, M 
and let 

(6-4-1) iX,T)^-^ip,,)b^T 

be a covariant (p, 77)-derivative for the tensor algebra of generalized tangent bundle 

which preserves the horizontal and vertical distributions by parallelism. 

If (U,*su) is a vector local (m + r)-chart for ^E, vr, , then the real local functions 

(* a ^, a if. ac * be 

* -1 

defined on tt (C/) and determined by the following equalities: 

{p, 77) D* In = (p, ri) Hp^da, (p, ri)D* d = (p, 77) i/^^a 
(6.2) ^1 ^ 

{p,ri)D.c~Sp = {p,n)Vfj6a, {p,ri)D.cd ={p,r])V^d 
d d 

are the components of a linear (p, 77)-connection 

^ * * 
{P,V)H, {p,v)V 



for the generalized tangent bundle y{p,r])TE,[p,ni) t *^,E j which will be called the 

distinguished linear [p^r])- connection. 

lih = Mm, then the distinguished linear [IdxM, /(iM)-connection will be called the 
distinguished linear connection. 

(* *\ 
H, V j will be denoted 



Theorem 6.1 // I {p,r)) H,{p,r])V ) is a distinguished linear {p,r))- connection for 



the generalized tangent bundle ^(p, rj) TE, (p, rj) t*^, E ) , then its components satisfy the 
change relations: 
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+ 



* a 



(6.3) 



rip, Id. 



Kl.oho ^, 



+ 



■A'J^.ohoTT, 



+ {p,r])H^^-M>}oTr 

* etc if ac 

* ac H< cc 

ip,ri)V,- =M«'o;.(p,r?)F, ■ o -k ■ 0*7,. 



The components of a distinguished linear connection [ H ,V ] verify the change re- 
lations: 



dx 



O TT 



5 ( dx^ *\ * * dx^ * 



(6.3') 



5x^ \dx^ 
dx' * *^^^dx^ * 



dx^ 



dx^ 



- O TT, 



dx^ 
dx^ 



- O TT, 



1^,- = O TT • I/,- — ^, O TT • O TT, 



M^OTT-Vf, -M^ottM^ott. 



* ac 



Example 6.1 If yE, tt, MJ is endowed with the (p, 77)-connection (p, ri) T, then the 
local real functions 

y dpa ' dpa ' ' y 



(6.4) 



are the components of a distinguished linear (p, ry) -connection for the generalized tangent 
bundle 

{p,r])TE,{p,r])T^,Ej , 

which will by called the Berwald linear {p, rj)-connection. 

/ * * \ 

Theorem 6.2 // the generalized tangent bundle I (p, rj) TE, {p,r]) t * , E \ is endowed 



with a distinguished linear {p,r])- connection {{p,r])H , {p,r])V), then, for any 



X = Z^5^ + Yad er[ip,rj)TE,{p,r])T^,E 



and for any 



TeT^{{p,v)TE,{p,n)T.^,E), 
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we obtain the formula: 

{p, rj) Dx (7>7.:.;;C;.cii ® - ® K 



where 



and 



■ bi .bs 

(g) (Jpai ... ® Spa^ 



.61 



i^^rpO!i...apai...ar J 

- ^ ^/3i.../3,6i...6.|7^«i 



. ^ rpcxi---cxpai...ar |c r 
ai >^ ... vy upar + -'^c-t;3j...^^bi...6s I ""1 

dz'^'J (g) 9 (g) ... (g) 5 (g 5^ai 



nO:i...o:pai...ar _ ( ~ tj \ ( 1: \ rpOii ■ ■ -a^ai . . .tir 



* ai 



I / „\ zj maa2...apai...ar , 1 (' „\ jj rpOi---Qp-iaai...ar 
+ (P,^)^^a7^/3i.../3,6i...6. + - + (P^V) H^^T^^ 

* /3 * /3 

/'^ W rpai...apai...ar , \ tt rpOi . . .Opai . . .ar 



+ iP, V) + ... + {p,r,) ^I.t-:;-^-;;- 



* QIC OpC 

- ip, V) Kj?^^:X^;:X ---m KIt^:::ZX:.^^ 

* Q-l C ^ <XrC 

— (n'r.W/ rpa:i...apaa2...ar _ _ „M/ .pai...apai...ar-ia 
KP:Tl)Va ^ I3i...l3gbi...bs ••• KP^yj^a ^ /^^ ...6, 

Definition 6.2 We assume that {E, tt, M) = (F, i/, AT) . 

If (p, ry) r is a (p, r7)-connection for the vector bundle ^E, tt, and 

( (P, ??) ^60 (P' ^7) ^60 (P' ^) ^b > (P> ^) ^b 1 

are the components of a distinguished hnear (p, rj) -connection for the generalized tangent 

(* * \ 

(p, 77) TE, (p, r))T*^,Ej such that 

* a * fit * ac * 

(P, V) ^bc = (P' and (p, 77) = (p, ry) , 
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then we will say that the generalized tangent bundle y{p, rf) TE, {p, rfjTyE] is endowed 
with a normal distinguished linear {p^rj)- connection on components 

* a * ac 



The components of a normal distinguished linear (7dTM, -fc?M)-connection ( H,V 

7 Dual mechanical systems 

Using the diagram: 

E (^'M£;,ft'(P'^)) 



(7.1) 



M 



where (^{E, vr, M) h' (P^ ^ generalized Lie algebroid, we build the generalized 
tangent bundle 

(((p, v)TE, {p, n)T. E),[,] . (p, Id.)). 

E {p,ri)TE E 

Definition 7.1 A triple 

(7.2) (^(^E,^,My*Fe,{p,v)^y 
where 

(7.3) Fe = Fj eT(vip,r])TE,{p,r])T^,E^ 



is an external force and {p, 77) F is a {p, r7)-connection for yE, tt, M j , will be called dual 

mechanical {p,ri) -system. 

Definition 7.2 A smooth Hamilton fundamental function on the dual vector bundle 

is a mapping E — > M which satisfies the following conditions: 



1. HoueC°°{M),iov anyuer\^E,7r,Mj \ {0}; 

2. ii" o G C° (M), where means the null section of ^E, tc, . 

Let -ff be a differentiable Hamiltonian on the total space of the dual vector bundle 
E,n,M] . 
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If (^U, su^ is a local vector (m + r)-cliart for (E,^,Mj, then we obtain the following 



*-i 



real functions defined on vr (U): 
(7.4) 



put dH put d _ t put d^H put d f d 



' ~ 5a;' ~ ^ ' ~ dx^dpb ~ dx^ \dpb ^ ' 



^.putdHput d jjabP-t^^^P^^d/d 
OPa OPa OPadpb dpa \dpb 



Definition 7.3 If for any local vector m + r-chart [U,su) of [ E,7t,M \ , we have: 



(7.5) 



rank 



= r. 



,-1 



for any Ux n (U) \ {Ox}, then we say that the Hamiltonian H is regular. 

Proposition 7.1 If the Hamiltonian H is regular, then for any local vector m + r- 

chart (^U, su^ of ( tt, M j , we obtain the real functions Hba locally defined by 



(7.6) 



where 



TT [U) > 



Hba {u:^ 



Hba Ux 



H"^ ( U, 



, for any Ux e tt (U) \ {Ox}- 
Definition 7.4 A smooth Cartan fundamental function on the vector bundle ( E,tt,M 

* K 

is a mapping E — > R+ which satisfies the following conditions: 

1. Kou&C°^ (M), for any u € r \ {0}; 

2. KoO eC° (M), where means the null section of ^E, tt, ; 

3. K is positively 1-homogenous on the fibres of vector bundle ^E, Tr,M ] ; 

4. For any local vector m + r-chart (u, su^ of ^E, vr, , the hessian: 



(7.7) 



K 



2 ab 



is positively define for any Ux & tt (U) \ {Ox}- 

Definition 7.5 If H respectively K is a smooth Hamilton respectively Cartan function, 
then we put the triple 



respectively 



E,Tr,M ,Fe,H , 



E,7r,M],Fe,K 
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where 

Fe = Fad eTlvip,v)TE,{p,n)T.^,E 

is an external force. These are called Hamilton mechanical {p,r]) -system and Cartan 
mechanical {p,r]) -system respectively. 

Any Hamilton mechanical (IdxM , IdM)-system and any Cartan mechanical 
{IdxM , IdM)-system will be called Hamilton mechanical system and Cartan mechanical 
system, respectively. 

8 {p, 77)-semisprays and {p, 7^)-sprays for dual mechanical 
{p, 77)-systems 

Let ( ( E,7r,M] , F^, (p, ?/) T ) be an arbitrary dual mechanical (p, r7)-system. 



Definition 8.1 The vertical section C=pad will be called the Liouville section. 
A section S G Tl{p,r])TE,{p,r])T*^,E\ will be called {p,r])-semispray if there 



exists an almost tangent structure e such that e yS j = C. 

Let g G Man I E,E \ be such that {g, h) is a locally invertible B'^-morphism of 



E,Tr,M j source and {E,Tr,M) target. 
Theorem 8.1 The section 



(8-1) S=(^g'''ohon)pbda-2{Ga-\Fa)d 

is a {p,ri)-semispray such that the real local functions Ga, a G l,n, satisfy the following 
conditions 



(p, V) Tfoc = [ha ohon^ ^'"^dp^^'''' 

\ {g''^ ohon^Pe [l^^ ohon^ (^g^^, ohon^ 



(8.2) 

*\ d(gacohon^ 
dx 



1 ( J u *\ 3(9'"°'*°^) (~ , *\ 
(^p^ O /t O 7rj ^ g^j ^-Pe [gab ohoTTj 

-i (^g""^ ohoT:^Pe{piohoi^ 



In addition, we remark that the local real functions 



dpa 



(P, V) f 6c = (gca ohon^^ 

(8.3) / dfg'^'^ohon) / 

+ 2 [PhO hoTTj '-Pe ygab O k O TT j 

-i (^5"'= ohonjpe{^ploho7rj ^^^^ — ^ 
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are the components of a {p^r])- connection {p,rf)T for the vector bundle yE,'K,Mj . 

The (p, ?7)-semispray S will be called the canonical {p,ri)-semispray associated to 

mechanical {p,r])-system ^I^E,Tr, , Fg, {p,r])T^ and from locally invertible B'^- 

morphism {g,h) . 

Proof. We consider the Mod-endomorphism 

T(ip,n)TE,{p,n)T.,E 



T[{p,n)TE, {p,r])T^,E 



E 



X 



^ {9,h) 



s,x 



{p,ri)TE 
* ■ a 

Let X = Z°-da + Yad be an arbitrary section. Since 



S, J {g,h)X 



{p,V)TE 



s,x 



and 



{p,n)TE 



* * 

g'''ohon)peda,Z% 



+ 



2[Ga-^Fa]d , Z^db 



ip,v)TE 



{P,V)TE 



* . 

5"^ O /l o tt) Peda, Ybd 



2[Ga--Fa]d ,Ybd 



(P,V)TE 



MTE 



(g<'<'oho^^pX,Z^dt 



ip,ri)TE 



= (^g'''ohon)p,(^piohon') 

/ \ ^ ( 9'^'^ o hoir] * 

-Z'{pioho^) -^^—-^pA 

* 



* ■ o 

{g^-^'ohoT:^ Peda,Yhd 



{p,v)TE 



g""" ohon]p^{plohoir] 



* 



2(Ga-\Fa]d ,Z'di> 



{P,V)TE 



.a . b' 
2{Ga-lFa)d ,Ybd 



-2Z^ (pi o /i o ^) 



2{Ga-\Fa)^d -2n 



-d, 



{ Gc - \F.) ^ 

d(Gc-\F,, .0 



(P,V)TE 



dpb 



d, 
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it results that 



S,X 



-Z i^plohoTrj [gcd ohoTTjd 

.d .d 

+ (^g'''ohon)peZ''(^Ll,ohon)d -Ydd 



{P,V)TE 



(Pi) 



. d 



-2 G, 



Since 



S, J (g,h)X 



* ■ t 



2[Ga-\Fa\d ,Z'> (gbcohon^d 



{p,r,)TE 



{p,n)TE 



and 



* • t 

g'^'oho p^da, Z^ (gbc ohon^d 



-Z'^Ba 



{P,V)TE 



+ (^g"^ oho^^p^(^piohon^ ^ ohon^ 
-{g-oho;.)p,(ploho;.)z^'-i^'B 



, 1 \ 



(P,V)TE 



[gbd ohon^ 



82 {Gd-lFd) ^ 
dpc 



it results that 
{P2) 



(.P,V)TE 



^ = -Z'^dd + [g"^ o /i o ^) (p> o 7^) 1^ {gbd ohoi^d 



{g'''ohon)pe[piohon) Z 



d [gbd ohoV] -J- 



-2 G. 



_ 1 \ / 



.d 

o h o n] d 



+Z [gbcohoTT 



82 {Gd - iFd) 
dpc 



8 . 
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Using equalities (Pi) and (-P2), we obtain: 

. a\ * . d 



-Z" {^p^ohoTrj ^ > e [9cd°hoTrjd 

+ (5- O O (pi O O Z'-^^a 

-Z" [gbcohoTrj 

After some calculations, it results that P is an almost product structure. 
Using the equalities (5.1.2) and (5.2.2) it results that 

Z'^da + Yad j = {Id - 2 (p, ri) T) I Z'^da + Yad J , 

t l"" / * *\ 
for any Z'^da + Yd G F ( (p, 77) TE, {p,ri)T* ,E ] and we obtain 



E 

d . d 



+ 2^ [Pi°hoT^) Q^j — -Pe \ 9cd ohonjd 



Since 



(p, r?) r Z-da + Yad ]= {Yd + (p, 77) TdbZ^) a 



it results the relations (8.3). In addition, since 

(P, rj) the = (p, v) Tbc + 3 (gcd oho^^ 

and 

(p, 77) f = (p, V) Tb-c - \ {gee °hon^^_ 

= M^-on (- (pi o /i o ^p,- + (p, 77) r,,) M§oh o ; 



an 



+M| o 7?- (i (^ee °hon)^) M^-oh o n 

= Ml-oi (- (p^ o /7 o 7^) ((p, 77) Tfe, - 1 (5,, o o ^) . fi)) M^o/io; 

= M| o ^ (- (pi o /i o ^) ^i?a + (P, V) f 6c) M^o/io^ 

it results the conclusion of the theorem. q.e.d. 
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Remark 8.1 In particular, if (p, r/) = {Mtm, Idpi), ig,h) = {Me, Id-M), and = 0, 
then we obtain the classical canonical semispray associated to connection F. 
Using Theorem 8.1, we obtain the following: 
Theorem 8.2 The following properties hold good: 
* 

o * ■ b 

1° Since 5c = dc + {p, rj) Fbcd , c E l,r, it results that 
* h 

(8.4) ~s^ = ~s^-i(^g^^ohon)^d,ceT;¥. 

2° Since 6pi) = — (p, rj) Ti)cdz^ + dpb^ b E 1, r, it results that 

(8.5) °dpb = 6pb + l (gee ohon) gdz^ b e T^. 
Theorem 8.3 The real local functions 

(8.6) (^^,^^,0, 0),a,b,ceT;^ 
and 

(8.6)' ^2iEgp^^diE£>^,o, 0),a,b,cGT;T 

respectively, are the coefficients to a normal Berwald linear {p,r]) -connection for the 

(p, rj) TE, (p, rj) t y E \ . 

Theorem 8.4 The tensor of integrability of the {p,r)) -connection {p,r))r is as fol- 
lows: 
(8.7) 

{p, T], h) ife cd = {p, V, h) Mb cd + i [[gde oho^^ gi|^ - (^g,e o /l o 7^) J + 

where |c is the h-covariant derivation with respect to the normal Berwald linear {p,rj)- 
connection (8.6). 
Proof. Since 



and 




+\T{p,Id,^ (l^{{gaeohoi) |i) 

-\ (gee o ^ ° ^) |£ {{p. v) Tm) 

-jQ {gee °hon')^^ ((ffrfe °hony^'^, 
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T{~p,Id^j^5d] ((P, v) he) = r [p, Id^j (Saj ((P, v) Tbc) 



''cd 



it results the conclusion of the theorem. q.e.d. 

Proposition 8.1 // S is the canonical {p, ri)-semispray associated to the mechani- 
cal {p,ri) -system ^^£^,7r, ,Fg,{p,ri)T^ and from locally invertible 'B^ -morphism 
{g, h), then 

(8.8) 2Gv=2Gi,-M^oho^-{g'^^oho^)p,[p^^oho^) ^. 



Proof. Since the Jacobian matrix of coordinates transformation is 



dM?; 



Mioho^ 



and 



M^'ohon 



g""" oho TT j Pe 

2 (Gb - \Fk) 



^g"-"" ohonj 
-2 



the conclusion results. q.e.d. 
In the following we consider a differentiable curve I M and its {g, /i)-lift c. 
Definition 8.3 If it is verifies the following equality: 



dc{t) 
dt 



T{p,Id^]S{c{t)), 



then wc say that the curve c is an integral curve of the (p, r])-semispray S of the dual 
mechanical {p,r])-system ^^£', 7r,M^ , Fg, (/), r/) . 

Theorem 8.5 The integral curves of the canonical (p, ri)-semispray associated to 
the dual mechanical {p, r/) -system ^ ^E, ir, , Fg, (p, rf) and from locally invertible 
'S^ -morphism {g,h), are the {g,h) -lifts solutions of the equations: 



(8.10) 



dt 



+ 2GbO u (c, c) {x {t)) =hFb° u (c, c) {x {t)), bel,r, 



where x (t) = (rj o h o c) (t) . 
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Proof. Since the equality 



is equivalent with 



^ = r[p,id.js{c{t)) 



M{rjohocy{t),pi,{t)) 



{piorjoho c{t)g^- o h o c{t)pe{t), -2 (Gj, - {F^) ((r? o o c){t),p{t))) , 



^ + 2G,{x (t) ,pit)) =\F,{x it) ,pit)), 6g17, 



it results 

d 

^=pior]ohocit)g<'^ohocit)pe (t) , 
where (t) = {rj o ho c)* (t). q.e.d. 



Definition 8.4 If S is a {p, ?7)-semispray, then the vector field 



(8.11) 



C,S 



{p,r,)TE 



will be called the derivation of {p, rj) -semispray S. 

* 

The (/9, ry)-semispray S will be called {p,ri) -spray if there are verified the following 
conditions: 
* 

1. 5 o G C^, where is the null section; 

2. Its derivation is the null vector field. 

* 

The (p, ry)-semispray S will be called quadratic {p,r)) -spray if there are verified the 
following conditions: 
* 

1. S oO e C^, where is the null section; 

2. Its derivation is the null vector field. 

In particular, if (p, r/) = {idru, Idpi) and {g,h) = (Me, Mm) , then we obtain the 
spray and the quadratic spray which is similar with the classical spray and quadratic 
spray. 

Theorem 8.6 // S is the canonical {p,rj) -spray associated to the dual mechani- 
cal [p, a]) -system ^^i?,?!, ,Fe,(p, ry)r^ and from locally invertible W -morphism 
(g, h), then 

2 {a, - If,) = ip, n) r,, (^g'^f oho^^ pj 

+ i {g'^ oho^^pe (^L'^^ oho^^ (^g^b ohon^ [g^i ohon^pf 

(8.12) 1 / 1 , *\ d(g''<'ohon) 



Up'cohon) — ^Pe [gab ohon) ig^f ohonjpf 



+ i oho^^pe[p\oho^^ ^ {3"^ oho^^ 



Pf 



30 



We obtain the spray 



i.l3) 



S = (5"^ ohoir) peda - {p, v) Tfec {9"^ ohon) pfd 

.b 

-\ {g'^ ohoTr)pe (L^^ ohoir) {gab ohoir) [g^f ohoir) pfd 

. b 



+ ^ ipio hoiT 



dig (^^^ ohoir) {g^'f ohoir) pfd 



. b 



-\ {9"'" ohoir)pe {pI ohoir) ^^^g"!'"""'' [g"^ ohoir) pfd 

This spray will be called the canonical {p, 77) -spray associated to the dual mechanical 
system I [ E,ir,M \ , Fg, (p, 77) F ) and from locally invertible W -morphism {g, h). 



In particular, if {p,r]) = {idTM^Idu) o,nd {g,h) = {Me, Mm) , then we get the 
canonical spray associated to connection T which is similar with the classical canonical 
spray associated to connection T. 

Proof. Since 



* * 




c,s 






{p,n)TE 



. a * 

Pad , (^y'"' ohoir^ pedb 

. a * 
Pad , {d''' oho^^ p^db 



- 2 



{p,v)TE 



Pad , {Gb - iFb) d 



(p,rt)TE 



and 



Pad , {Gb - \Fb) d 



{p,r,)TE 



d {Gb - \Fb) -j 

Pa ^ -d 



g^ oho Pedb 



(P,V)TE 



dPa 



Gb -^Fb]d 



. b 



it results that 
iSi) 



C,5 



-•s -..U/-^,.{c.-^^nUs 



iS'. 



{p,rt)TE 

Using equality (8.3), it results that 

d {Gb - \Fb) . ( cf . *\ 
— ={p,rj)rbc[g^ ohoir) 

^ +1 (^g'''^ ohon^pe ^L^^ ohon^ {^ab oho^^ {^g^f ohon^ 

— (^piohon^ -^-9^3 ^-Pe (gab O /t O TT^ (^g<'f O h O 

+ i (^g''^ o /i o tt) pe (pi o o ^) ^^^'dJi {9"-'^ ohon^ 
Using equalities {Si) and (S'2), it results the conclusion of the theorem. q.e.d. 
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Theorem 8.7 All {g, h)-lifts solutions of the following system of equations: 

^ + {P, V) Tfec (^''•^ ohon^pf 

+ ^ (g'^" ohon^pe (^L^c o ^ o (^gi,a ohon^ (^g^f ohow^pf 

(8-14) w . .^^(g''^ohon) 

-2\P'c°hoTTj —. pe [pba ohoirj [g"^ ohoirjpf 

1/ \ / \ d (gbc o h o nj 
+ - (^"^ o ^ o p, i^pioho -^—Q^i (g"^ oho^jpf = 0, 

are the integral curves of canonical (p, rj) -spray associated to the dual mechanical (p, rj) - 
system i i E,7r,M ] , Fg, [p, rj) T ) and from locally invertible W -morphism {g, h) . 



9 A Hamiltonian formalism for Hamilton mechanical (p, 7^)- 
systems 

Let ( ( £^,7r,M ) ,Fe,-ff ) be an arbitrarily Hamilton mechanical (p, r7)-system. 



Let {dz"',dpa) be the natural dual {p,rj)-base of the natural (p, ?7)-base ^9a,5 j . 

It is very important to remark that the 1-forms dz"',dpa, a G l,p arc not the 
differentials of coordinates functions as in the classical case, but we will use the same 
notations. In this case 

where d^'^'^^'^^ is the exterior differentiation operator associated to exterior differential 
( E] -algebra 



Ai^ip,v)TE, {p,r])T.^,Ej ,+,.,A 

Let H be a regular Hamiltonian and let (g, h) be a locally invertible B"^-morphism 
of ^E, TT, source and {E, ir, M) target. 
Definition 9.1 The 1-form 

(9.1) eH= (gaeohon'^H'dz^ 

will be called the 1-form of Poincare-Cartan type associated to the regular Hamiltonian 
H and from locally invertible B^-morphism {g,h). 



We obtain easily: 



(9.2) 



iH(db^ = [gbeohonyH^, 9hI dj=0. 
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Definition 9.2 The 2-form 

will be called the 2-form of Poincare-Cartan type associated to the Hamiltonian H and 
to the locally invertible W -morphism {g,h). 

By the definition of d^P''^^'^^ , we obtain: 

u,„{u,v) ^T('p,id.\{U)(eH{v)) 



tor any !7, F e r ^(p, i,) TE, (p, r,)r.^,E 
Definition 9.3 The real function 

(9.4) SH=PaH''-H 

will be called the energy of regular Hamiltonian H. 
Theorem 9.1 The equation 

(9.5) is (uh) = -d^Tk ^ 5 ^ r ^) TE, {p, r^)T^, 
has an unique solution Sh {g, h) of the type: 

* ■ a 

(9.6) (^"^ Ohon) peda -2{Ga- iFa) d , 

where 

(9.7) -2 {Ga - \Fa) = Eb {H, g, h) Hae [g"'' ohon'^ 

and 

Eb {H, g, h) = (p^o/io^) H, - (^piohon) PaHf 

-[^g^^ohon) pf i^p],oho7r j g^i 

+ [g'^^ ohoTT)pf[ plohoTT 1 ^ 



Snig^h) will be called the canonical {p,ri)-semispray associated to the Hamilton me- 
chanical {p,r])-system ( vr, M) ,Fe,if ) and from locally invertible W -morphism 



{9,h). 

Proof. We obtain that 

{uh) = -d^"'''^'^^ {£h) 



5 
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if and only if 



for any X G r ^{p, r,) TE, {p, r?) r,^,E]. 
Particularly, we obtain: 



u;h(S,X] =-T(p,Id.^]iX){£H), 



UJL{S,db] =-T{p,Id^] {db]{£H). 



If we expand this equality, we obtain 

1 — i-^ ^ ^ I p^o/lOTT J — ^^-^^ ^ 



j^/ o h 



o vr 



Pf 



3/io7r 



dx^ yi^b"'"^" ] dx^ 

eb 



After some calculations, we obtain the conclusion of the theorem. q.e.d. 

* 

Theorem 9.2 // Sh {9,h) is the canonical {p,r])-semispray associated to the Hamil- 
ton mechanical (p, r])-system [ [ E,Tr, M ] , F^, H ) and from locally invertible W -morphism 



{g,h), then the real local functions 

{p,ri)Tbc = -2[9cdohonj ^ ^ 

+ jipioho7r\ '-Pe [gba ohoTT] 



(^/^o/iottJ Pe (^p^o/lOTrj ^ Q^i ' 



are the components of a (p, rj) -connection (p, 77) F for the vector bundle yE, vr, M j which 
will be called the {p,rf)- connection associated to the Hamilton mechanical (p,r])-system 
^^E,Tr,M^ ,Ff>,H^ and from locally invertible W -morphism {g,h). 

Theorem 9.3 The parallel {g,h)-lifts with respect to (p,ri)- connection {p,ri)T are 
the integral curves of the canonical {p,rj)-semispray associated to the Hamilton me- 
chanical {p,r])-system I iE,n,M] ,Fg,H\ and from locally invertible W -morphism 



i9,h). 

Definition 9.4 The equations 
(9.10) - E, {H, 9, h) Hae {9'" o /i o o « (c, c) {x it)) = 0, 

where x {t) = rjohoc (t), will be called the equations of Hamilton- Jacobi type associated to 
the Hamilton mechanical {p,ri)-system ^^i?,7r,M^ ,Fe,H^ and from locally invertible 
W -morphism {g, h) . 
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Remark 9.1 The integral curves of the canonical (/3, 77)-semispray associated to the 

Hamilton mechanical (p, 77)-system ^^i?, tt, ,Fe,H^ and from locally invertible 

B"^-morphism {g, h) are the {g, /i)-lifts solutions for the equations of Hamilton-Jacobi 
type (9.10). 

Using our theory, we obtain the following 

Theorem 9.4 If K is a Cartan fundamental function, then the geodesies on the 
manifold M are the curves such that the components of their {g,h) -lifts are solutions 
for the equations of Hamilton-Jacobi type (9.10) . 

Therefore, it is natural to propose to extend the study of Cartan geometry from the 
dual of the Lie algebroid {{TM, tm, M) , [, ] , {IdTM^Idu)) , to the dual of an arbitrary 
(generalized) Lie algebroid ({E, ir, M) , [, ]^ ,^ , (p, r/) j . 
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